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ABSTRACT Wireless power transfer (WPT) technologies are rapidly attracting attention because of their
wide application field. Among them, inductive power transfer (IPT) technology is most promising for daily
usage in households. Foreign metal detection (FMD) is indispensable for IPT applications because foreign
metal heats up easily in the magnetic field generated by IPT devices and causes a dangerous situation. On the
other hand, the representation of the foreign metal as an equivalent circuit model is not readily available.
Therefore, we need to use finite element method (FEM)-based electromagnetic field simulators, which
requiremassive computation time and cost. This work proposes a novel simulationmethod of foreignmetal in
the magnetic field based on theoretical analysis. We establish an equation-based theory for simulating metal
pieces as circuit elements and deliver an equivalent circuit model with a virtual inductance of the metal piece
and a mutual inductance between the sense coil and the metal piece. The Z parameter of the extracted circuit
model is compared with that of a FEM-based simulator. Evaluation results show that the proposed method
returns the result 971 times faster than the FEM-based simulator with the memory usage of 1/3863, while
the simulation error is at most 3.88 %.

INDEX TERMS Foreign metal detection (FMD), electromagnetic field analysis, circuit analysis, numerical
integration, wireless power transfer (WPT).

I. INTRODUCTION
For over a century, research on wireless power transfer
(WPT) systems has been actively conducted, beginning with
N. Tesla’s firstWPT experiment [1]. In recent decades, efforts
to enhance efficiency [2], improve robustness [3], and expand
application [4] have advanced significantly, leading to many
important findings [5], [6], [7]. Besides, WPT technologies
are widely used in various applications, such as smartphone
chargers, personal computers, and tablets [5], [8].
WPT technologies are classified into five types according

to the energy transmission medium [7]:
• acoustic power transfer (APT) [9], [10], [11], [12], [13],
[14], [15],

• optical power transfer (OPT) [16], [17], [18],
• microwave power transfer (MPT) [19], [20], [21],
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• capacitive power transfer (CPT) [7], [22],
• inductive power transfer (IPT) [2], [23].

Let us review each technology briefly. APT and OPT systems
can achieve high power transmission efficiency; however,
they suffer from a signal directivity problem, making them
less versatile for WPT applications [11], [13], [16]. MPT
systems also suffer from signal directivity problems and are
therefore limited to two specific applications: application
requiring long-distance energy transfer with high directiv-
ity [19] and application requiring only small amount of
energy [21].

CPT systems are applicable to only the WPT system
that requires short-distance power transfer, such as several
millimeter to centimeter, while the IPT systems can apply to
both millimeter-scale and meter-scale WPT [22], [24]. CPT
systems can handle large power in the kilowatt range [22]
while IPT handles less power than CPT due to eddy-current
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and conductor losses [7]. Nevertheless, IPT system remains
prevalent in applications requiring short-distance power
transfer thanks to its versatility and widespread adoption [7].
Ref. [4] discusses safety issue of IPT system in terms

of both living object detection (LOD) and foreign metal
detection (FMD). Regarding LOD, high frequency signal can
cause damage to human body, shown in safety standard (IEEE
C95.1-2019) [25]. When the system is implemented in small
volume, the coil size also becomes small, and consequently
the resonance frequency increases [26], [27], [28]. However,
the dangerous situation is avoidable as long as the designed
system complies with the safety standard. Therefore, LOD
is not considered a critical issue preventing WPT systems
from entering the market. Meanwhile, IPT systems have to
monitor foreign metals with special attention since those can
cause system damage and failure [29]. Qi standard [30] is
a well-known WPT standard, and Qi version 1.1 allows the
system to transfer up to 5W power to devices. Here, suppose
0.5 W is dissipated in a small metallic object such as a coin
and gold ring. In this case, the object temperature easily
increases to more than 80◦C [5]. To address such safety
concerns, many FMD methods have been proposed, as will
be detailed in Section II.
As promising FMD methods, electromagnetic field based

methods are attracting attention since the sensing components
of those methods are compatible with the power transmitting
components of IPT systems. Here, for designing the FMD
function and ensuring the system safety, designers need to
estimate the impact of the foreign metal on the system.
One tractable approach is to have an appropriate circuit
model that reproduces the impact of the foreign metal.
Especially, an accurate circuit model that captures the impact
of small metal pieces is essential, as these small objects pose
significant safety risks but are difficult to detect compared to
the large one. Electromagnetic field simulators are commonly
used to evaluate the inductance and coupling coefficient of
metal pieces. On the other hand, they require substantial
computation power and time.

To derive the inductances in the FMD system with low
computation cost and short time, this work proposes a novel
simulation method for foreign metal detection with magnetic
field analysis. This work first estimates the magnetic field
vector around the sense coil and metal piece using magnetics
equations, then derives the virtual inductance of the metal
piece and mutual inductance between the coil and the
metal piece. The derived inductances allow us to build
the equivalent circuit model that reproduces the impact of
the metal piece, i.e., Z parameters.

The rest of this paper is organized as follows. Section II
reviews the related work on FMD methods. Section III
proposes a methodology that enables us to extract the
equivalent circuit model of the metal piece in FMD system
on the basis of magnetics. Section IV evaluates the proposed
methodology in terms of its simulation accuracy and
computation cost, and compares the performance with a
general electromagnetic simulator. Section V discusses the

FIGURE 1. Classification of FMD methods by Xia et al. [31].

limitation of the proposed methodology. Lastly, concluding
remarks are given in Section VI.

II. FOREIGN METAL DETECTION
FMD is one of the critical functions for IPT systems,
as discussed in the previous section. This section reviews
related research on FMD and highlights the contribution
of this work. Xia et al. classified FMD methods into four
categories based on the detection approach [31], as illustrated
in Fig. 1. We introduce related work according to this
classification.

FMD methods are first divided into those that utilize
electromagnetic (EM) fields and those that do not. Non-
EM field methods use sensors such as light, image, and
temperature sensors [32], [33], [34], [35], [36]. Some of
these methods can find not only foreign metal objects but
also foreign living objects. However, these methods require
relatively longer sensing time compared to EM field-based
methods, which can react immediately after the insertion
of foreign metal, since these methods monitor the effect of
foreign metal indirectly. For this reason, FMD methods that
utilize EM field are actively studied. This paper also focuses
on EMfield-based FMD. EMfield-based methods are further
divided into two methods that utilize an additional circuit or
not. Additional circuit-based method is further classified into
the active one and the passive one.

EM field-based methods without additional circuit utilize
the power transmission circuit itself for FMD. The system
detects foreign metals based on the circuit or other system
parameter variations caused by the inserted foreign metal.
One system parameter that can be measured easily is the
power transmission efficiency or the transmission loss.
Kuyvenhoven et al. propose the FMD method based on
the power loss detection. Similarly, Kudo et al. report the
FMD method that can detect foreign metal by monitoring
the power transmission efficiency. Other methods detect
foreign metal based on the variance of circuit parameter
(e.g. impedance [37], current or voltage [31], [38], phase
shift [39], frequency [40], [41], [42]). Refs. [31] and [43]
explain these circuit parameter change and the transmission
efficiency deterioration assuming the foreign metal as an
inductor. If the foreign metal is placed in the vicinity of
the IPT system, the transmission coil is weakly coupled
with the metal piece pretending the inductor, and hence the
mutual inductance between the power transmitter coil and the
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FIGURE 2. Setup and execution profile of example simulation.

receiver coil varies. Thismutual inductance change causes the
circuit and system parameter variance and can be utilized for
FMD.

EMfield-basedmethods requiring additional FMD circuits
are based on the same methodology to regard the foreign
metal as the inductor. Therefore, an additional circuit for
FMD consists of an inductive circuit so that it can sense
a subtle change in the mutual inductance. The difference
between the active and passive circuit-based methods is the
mutual inductance in which the system is interested. The
active circuit-based methods focus on the mutual inductance
between the sensing circuit and the foreign metal while the
passive circuit-basedmethods focus on themutual inductance
between the sensing circuit and the power transmitter/receiver
coil. As an active circuit-based method, S. Jeong et al.
propose to sense the inductance variance of the sensing coil.
The passive circuit-based FMD methods usually monitor the
induced voltage at the sense coil [35], [43], [44], [45], where
the induced voltage originates from the EM field for power
transmission. When the foreign metal is placed nearby, the
EM field is affected and the induced voltage is also changed.
This voltage change is utilized for FMD.

As we explained above, many findings and methods
related to FMD have been reported and accumulated. All
EM-based FMD methods, which are mainstream FMD
methods, focus on the inductance of the coil and foreign
metal. Currently, all research is forced to utilize finite element
method (FEM)-based EM field simulators, which require
enormous computational resources and computational costs,
for optimizing the FMD system configuration including the
size and placement of the sensing coil. As an example,
we conducted a simulation experiment of FMD with ANSYS
HFSS, which is one of the widely used FEM-based EM
simulators. Fig. 2 shows the simulation setup. Both the
coil and the foreign metal have a circular shape and their
diameter and thickness are 10 mm and 0.01 mm, respectively.
We executed the simulation with a computer whose CPU is
Intel i7-8700K and RAM is DDR4 16GB×4. Fig. 2 indicates
that although we simulated with a parallel processing unit,
the required real time is almost half an hour even for this
simple and small structure. As for RAM, the maximum used
RAM is more than 25 GB. This result demonstrate that the
FEM-based EM simulator requires heavy computation even
for the small and simple structures, making it impractical for
design optimization. In addition, all research can evaluate its
system only experimentally, and cannot evaluate analytically.

FIGURE 3. Problem formulation. A sense coil is placed in xy-plane and
the center of the metal piece is on yz-plane.

This is because although we already know that the metal
piece is approximated by an inductor, there is nomethodology
which allows us to extract its self and mutual inductance
between the sensing coil and the metal piece analytically.
Especially, the circuit model of a small metal piece, which
is as severe as a large metal piece in terms of safety,
is indispensable since the small metal piece is much harder
to detect than the large metal.

For this reason, this work proposes a methodology for
extracting the equivalent circuit of the small metal piece in
FMD systems based on the theory of electromagnetics. The
proposed methodology enables researchers and designers
of FMD systems to treat the metal pieces as circuit
elements with specific parameter values. This advantage
frees designers and researchers from time-consuming FEM-
based simulations, leading to reduced design costs and
potentially enhanced safety. This is because our method
reveals the unknown circuit parameters such as self and
mutual inductances of the sense coil and the foreign metal,
which allows researchers and designers to explore the system
design analytically rather than experimentally.

III. PROPOSED METHODOLOGY
This section proposes an analytical simulation methodology
for a foreign metal piece using the relationship between the
sense coil and the metal piece on the basis of electromagnetic
theory. First, Section III-A formulates our problem to be
solved, and then Section III-B outlines the procedure our
methodology. Successive Sections III-C, III-D, and III-E
explain how to evaluate the inductance parameters in the
FMD system by considering the magnetic flux density.

A. PROBLEM FORMULATION
As we explained in Section II, the mainstream of the FMD
methods is EM-based ones, and all of the EM-based methods
utilize the coil to detect the foreign metal object. Therefore,
we assume Fig. 3 depicts the most simple form of the
problem, in which only one sense coil and one foreign metal
piece are included in the system. The sense coil is placed
on the xy-plane, and the inclined metal piece locates in
the vicinity of the sense coil. To simplify the mathematical
discussions in the successive sections, we assume that both
the sense coil and metal piece have circular shapes that
are axially symmetrical, where a[m] and rm[m] denote the
diameters of the coil and the metal piece, respectively.
We assume that the coil consists of the wire made of perfect
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FIGURE 4. Equivalent circuit of the situation drawn in Fig. 3.

conductor whose diameter is w0[m]. The thickness of the
metal piece is ignored.

Fig. 4 shows an equivalent circuit expression of this
situation. The system has only one port, and therefore the
system behavior can be expressed by Z11 parameter since this
system contains only the single sense coil and the coil is the
single port element.R0 and Rm in Fig. 4 denote the resistances
of the sense coil and the foreign metal, respectively, and
L0 and Lm denotes the inductances of the sense coil and the
foreign metal, respectively. M0m is the mutual inductance
between the sense coil and the metal piece.

As we can see from Fig. 3, we have to introduce several
variables to explain the posture and position of the metal
piece. Fig. 5 shows the definition of the coordinate system
and variables to be utilized to represent the posture and
position of the metal piece. Fig. 5 (a) shows two important
coordinate systems: xyz-coordinate system, which is the
absolute coordinate system, and XYZ -coordinate system,
which is the metal piece coordinate system. As both the
coil and metal piece are axially symmetrical, which is found
in Fig. 3, the relative posture and position of the metal
piece to the sensor coil have 4-Degrees of Freedom (DoF)
and then are expressed by four variables: φz, φy, ym and
zm. Originally in Fig. 3, the two coordinate systems are
overlapping completely. First, we rotate the XYZ -coordinate
system with the metal piece around Z -axis by φz[deg] (0 ≤

φz ≤ 90) as shown in Fig.5(b). Then, we rotate the XYZ -
coordinate system with the metal piece around Y -axis by
φy[deg] (−90 ≤ φy ≤ 90) as shown in Fig. 5(c). Finally we
move the XYZ -coordinate system with the metal piece to the
position of the coordinate of (0, ym, zm)[m], which is depicted
in Fig. 5(d). By proceeding with these three steps, all relative
posture and position are expressed.

To keep the discussion as simple as possible, we assume
that the sense coil and the metal piece are made of perfect
conductors and, hence the R0 and Rm are zero. To validate
this assumption, we conducted simulation experiments under
the condition of a = rm = 2.5[mm], w0 = 0.1[mm],
φy = φz = 0[deg], ym = 0[m], and zm is changed from
0.5 mm to 10 mm. This setup means the metal piece is on
the z-axis and placed parallel to the sense coil. Fig 6 shows
two HFSS simulation results: one is the result of the Z11
simulation with the copper foreign metal and another one
is with the foreign metal made of perfect conductor. Fig. 6
indicates that the real part of the copper foreign metal is
several m� at most and it decreases quickly according to an
increase in zm while the imaginary part is more than 600 m�

at least. Therefore, the real part is less than 1 % of the
imaginary part and the most dominant element determining
Z11 value is the imaginary part of the Z11. Fig. 6 also indicates
that the imaginary part of Z11 is almost identical between
the copper foreign metal and the perfect conductor. For these
reasons, we can assume R0 = Rm = 0. Besides, when
the foreign metal is made of ferrous metallic material, the
magnetic condition in the system becomes too complex for
analytical discussion. Fortunately, on the other hand, the
distortion of the electromagnetic field caused by the ferrous
metallic material is larger compared to the non-ferrous one,
which means the ferrous metallic material is much easier to
be detected by the FMD system. Hence, this work assumes
the foreign object is made of non-ferrous metallic material,
which is much harder to be detected.

B. OVERVIEW OF THE PROPOSED METHODOLOGY
This section first introduces basic equations by analyzing the
circuit shown in Fig. 4, and then explains variables required
for deriving Z11 parameter.

KVL equations of the left and right side of the circuit in
Fig. 4 are Eqs. (1) and (2), respectively.{

V̇0 = jωL0 İ0 + jωM0m ˙Im, (1)

0 = jωLm ˙Im + jωM0m İ0. (2)

From Eq. (2), Eq. (3) is derived.

˙Im = −
M0m

Lm
İ0. (3)

By substituting Eq.(3) into Eq. (1), Eq. (4) is obtained, where
V̇0 is expressed only by İ0.

V̇0 = jωL0
(
1 − k2

)
İ0, (4)

where k is coupling coefficient between the sense coil and the
foreign metal piece, and it is defined by Eq. (5).

k def
=

M0m
√
L0Lm

. (5)

From Eq. (4), Z11 is obtained as Eq. (6).

Z11 =
V̇0
İ0

= jωL0
(
1 − k2

)
. (6)

Eq. (6) indicates that the variables required for deriving Z11
are only L0 and k . k is derived from three components as
shown in Eq. (5); namely the self inductance of the sense
coil L0, the self inductance of the metal piece Lm, and the
mutual inductance between the coil and the metal pieceM0m.
Each of the successive sections will derive values of these
variables one by one analytically on the basis of the magnetic
flux density.

C. SELF INDUCTANCE OF SENSING COIL
This section derives the self inductance of the sense coil
L0 whose winding number is one. Although the approxima-
tion method for deriving the self inductance of the single loop
coil is reported decades ago [46], this section introduces the
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FIGURE 5. Posture and position of the metal piece. By rotating and moving the XYZ coordinate system according to (b), (c), and (d), all of the relative
positions and postures of the metal piece with respect to the sense coil can be expressed. (a) xyz-coordinate system is the absolute coordinate system
and XYZ -coordinate system is the metal piece coordinate system which determines the posture of the metal piece. Originally, these two coordinate
systems are completely overlapping. (b) First, rotate XYZ -coordinate system and the metal piece around Z -axis by φz [deg] (0 ≤ φz ≤ 90). (c) Then, rotate
XYZ -coordinate system and the metal piece around Y -axis by φy [deg] (−90 ≤ φy ≤ 90). (d) Finally, move XYZ -coordinate system and the metal piece on
yz-plane so that the center of the metal piece goes to (0, ym, zm) with respect to the xyz-coordinate system.

FIGURE 6. Variation of real and imaginary part of Z11 parameter when the
signal frequency is 10 MHz, w0 = 0.1[mm], rm = 2.5[mm], a = 2.5[mm],
φz = φy = 0[deg], ym = 0[mm], and zm is changed from 0.5 mm to 10 mm.

FIGURE 7. Coordinate setting and definition of variables.

FIGURE 8. Definition of dφ′ and d l′ .

calculation method based on the magnetic flux density since
the same basic idea will be applied to other inductance values
in the successive sections.

The self inductance of a coil depends on the amount of the
magnetic flux density generated by the coil itself. Hence, our

primary objective is to derive an equation which can tell the
magnetic flux density generated by the coil. Figs. 7 and 8
show the coordinate setting and definitions of the variables
x0, y0, z0, a, I , φ′, dφ′, and d l ′. The sense coil is placed on
the xy-plane, and the center of the coil is set to the origin of
the xyz-coordinate system. When we inject the current I [A]
to the sense coil C whose radius is a[m], the magnetic flux
density BP at the point P is obtained by calculating Eq. (7),
which is based on Biot-Savart law [47].

BP =

∮
C
dB =

µ0I
4π

∮
C

d l × r
|r|3

, (7)

where µ0 is the magnetic constant. Vectors d l and r, and the
magnitude |r| of the vector r, appeared in Eq. (7) are given by
Eqs. (8), (9), and (10), respectively.

d l = adφ′

− sinφ′

cosφ′

0

 . (8)

r =
−→
QP =

−→
OP−

−→
OQ =

x0y0
z0

 −

a cosφ′

a sinφ′

0


=

x0−a cosφ′

y0−a sinφ′

z0

 . (9)

|r| =

{
x20 + y20 + z20 + a2 − 2a

(
x0 cosφ′

+ y0 sinφ′
)}1/2

.

(10)

By substituting Eqs. (8) and (9) into Eq. (7), we derive
BPx ,BPy, and BPz, which are x, y, and z components of the
magnetic flux density BP, respectively, in Eq. (11):

BPx =
µ0Ia
4π

∫ 2π

0

z0 cosφ′

|r|3
dφ′,

BPy =
µ0Ia
4π

∫ 2π

0

z0 sinφ′

|r|3
dφ′,

BPz =
µ0Ia
4π

∫ 2π

0

a−x0 cosφ′
− y0 sinφ′

|r|3
dφ′. (11)
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FIGURE 9. Integration area for deriving the self inductance of the sensing
coil.

Here, BP can be regarded as a vector function of a, I and P,
and BPx ,BPy, and BPz satisfy the following relationship:

BP (a, I ,P) =

BPxBPy
BPz


= BPx · ex + BPy · ey + BPz · ez, (12)

where P denotes the position vector of the point P, and ex , ey,
and ez denote unit vectors pointing x, y, and z direction,
respectively.

As we described at the beginning of this section, the self
inductance of a coil depends on the magnetic flux density
generated by the coil. In fact, the self inductance of the coil
is defined as the amount of magnetic flux density that passes
through the coil itself when a current of 1 A is applied to the
coil. Therefore, the self inductance of the coil is obtained by
integrating all the magnetic flux density perpendicular to the
coil in the area surrounded by the wire. This is explained by
Eq. (13).

L0 =

∫
S
BP (a, 1,P) · ez dS

=

∫
S
BPz (a, 1,P) dS, (13)

where P denotes all points in the integration area S. Eq. (13)
calculates the inner product between BP and ez to extract
the magnetic flux density which is perpendicular to the coil.
In addition, the current injected to the coil is set to 1[A] by the
definition of the self inductance. Fig. 9 shows the integration
area, and it indicates that the integration area S is not identical
to the circle whose radius is a. Instead, the integration area
is the circular area whose radius is a − w0/2[m]. Fig. 10
introduces two variables p and ψ to express dS. When the
dp and dψ are infinitely small, dS is calculated by dS =

dψ ·p·dp. By introducing these variables and the relationship,
Eq. (13) becomes Eq.(14).

L0 =

∫ a−w0
2

0

∫ 2π

0
BP

a, 1,
p cosψp sinψ

0

 · ez dψ · p · dp.

(14)

Eq. (14) gives the self inductance of the sense coil L0.
Meanwhile, Eq. (14) cannot be solved analytically, and hence
we derive the inductance value by numerical integration.
To conduct numerical integration, we divide the integration

FIGURE 10. Area and position of minute part required for integration.

range of p and ψ into a finite number of parts. If we divide
the integration range of p and ψ into np parts and nψ parts
respectively, dp and dψ are described as Eq. (15).

dp =
a− w0/2

np
, dψ =

2π
nψ
. (15)

When dp and dψ are small enough, in other words, np and nψ
are sufficiently large, Eq. (14) is approximated by Eq. (16).

L0 =

np∑
i=1

nψ∑
j=1

BP

a, 1, i dp
cos jdψ
sin jdψ

0

 · ez dψ · i · dp2,

(16)

where p = idp and ψ = jdψ are applied.

D. MUTUAL INDUCTANCE BETWEEN SENSING COIL AND
METAL PIECE
The mutual inductance between the sense coil and the metal
piece is the amount of the magnetic flux density penetrating
the metal perpendicularly. Therefore, the basic integration
procedure is almost the same as the procedure for the self
inductance of the coil in the previous subsection. The mutual
inductanceM0m between the sense coil and the metal piece is
expressed by Eq. (17).

M0m =

∫
S ′

BP (a, 1,Pm) · eZ dS ′, (17)

where Pm is the point on the metal piece and eZ is the unit
vector pointing Z direction. The integration introduced in
Eq. (17) is conducted on the metal piece, and therefore we
have to know the coordinates of the point on the metal piece.
As we described with Fig. 5, the posture and position of the
metal piece are expressed by two rotations ( φz and φy )
and one shift ( +(0, ym, zm) ). These rotations and shift are
considered to be a coordinate transformation from the xyz-
coordinate system to the XYZ -coordinate system. Eq. (18)
shows the rotational matrix for the rotation expressed by φz
and φy.

R
(
φz, φy

)
=

cosφy cosφz − sinφz sinφy cosφz
cosφy sinφz cosφz sinφy sinφz

− sinφy 0 cosφy

 .
(18)

Here, we assume that the metal piece has the circular shape,
and hence the coordinates of the point Pmo on the metal piece
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are expressed by Eq. (19) as long as XYZ -coordinate system
is completely overlapping with xyz-coordinate system.

Pmo =

pm · cosψ
pm · sinψ

0

 . (19)

By applying Eq. (18) to Eq. (19) and shifting the result by
+(0, ym, zm), the coordinates of the point Pm on the metal
piece at any posture and place are given as Eq. (20).

Pm = R
(
φz, φy

)
Pmo +

 0
ym
zm


=

 pm cosψ cosφy cosφz − pm sinψ sinφz
y0 + pm cosψ cosφy sinφz + pm sinψ cosφz

z0 − pm cosψ sinφy

 .
(20)

Evaluating Eq. (17) also requires the vector eZ . This vector
eZ is obtained by applying Eq. (18) to vector ez as shown in
Eq. (21).

eZ = R
(
φz, φy

)
ez =

sinφy cosφz
sinφy sinφz

cosφy

 . (21)

Finally, we need to set the integration area S ′ in Eq. (17).
In Section III-C, we determined the integration area accord-
ing to the radius of the coil and the diameter of thewire. In this
section, we assume that a virtual loop coil can behave as a
metal piece. The loop shape is discussed in the following.

As discussed with Eq. (6), we need the coupling coefficient
k between the sense coil and the metal piece. The coupling
coefficient k is defined by Eq. (5), and it depends on not only
L0 but alsoM0m and Lm. Here, Lm is the virtual inductance of
the metal piece and is determined by the current flow in the
metal piece. The current flow in the metal piece is complex
since the current can flow in any directions on themetal piece.
Instead, for simplifying the discussion, we assume that the
current flows only in a single specific loop whose thickness
is zero. This assumption will be experimentally validated in
Section IV-B. With this assumption, the current flow line is
set to the edge of the metal piece or the boundary curve where
the magnetic field vector along the Z direction becomes
zero. The next paragraph exemplifies the assumed current
flow.

Fig. 11 shows the integration area of two situations. The
boundary between the integration area and the other consists
of the locations at which the magnitude of the magnetic flux
density pointing Z direction is zero. Therefore, the directions
of the magnetic flux are different across the boundary in
Fig. 11. In Fig. 11(a), the integration area is more than half of
the metal piece area while the integration area in (b) occupies
less area, where such difference originates from the relative
location and posture of the metal piece from the sense coil.
On the other hand, even in the situation like Fig. 11.(b), the
sum of the magnitude of the magnetic flux density pointing
Z direction is larger than those pointing −Z direction. This is

FIGURE 11. Relationship between the direction of the magnetic flux and
integration area.

FIGURE 12. Definition of points, loop C , and the integration area on the
metal piece.

because the magnitude of the magnetic flux density decays
very quickly according to the distance from the sense coil
as explained in Eq. (7). As a result, Eq. (17) is supposed to
become Eq. (22) following the same procedure as Eq. (14).

M0m =

∫ rm−
wm
2

0

∫ 2π

0
f (BP (a, 1,Pm) · eZ ) dψ · pm · dpm,

(22)

where f (x) is the clipping function introduced to eliminate
the effect of the magnetic flux pointing −Z direction and is
defined as Eq. (23).

f (x) def
=

{
x if x> 0,
0 otherwise.

(23)

wm is the diameter of the virtual wire composing the virtual
single loop coil that mimics the metal piece. We empirically
determined the value of wm as wm = 0.05 rm, which denotes
the width of the current flow is limited to the 5% of the
metal piece radius. Similar to Eq. (16), Eq. (22) can also be
transformed into the equation with sigma operator as shown
in Eq. (24) so that we can evaluateM0m numerically.

M0m =

npm∑
i=1

nψ∑
j=1

f (BP (a, 1,Pm) · eZ ) dψ · i · dp2m, (24)

where npm and nψ denote the parameters that determine the
discretization of the integration areas, and the others are
defined as Eq. (25).

dpm =
rm − wm/2

npm
,

dψ =
2π
nψ
,

pm = i · dpm,
ψ = j · dψ.

(25)
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E. SELF INDUCTANCE OF METAL PIECE
Finally, this section derives the inductance of the metal piece.
As we described in the previous section, we treat the metal
piece as the virtual single loop coil.We calculate themagnetic
flux density generated by the virtual coil using the original
Biot-Savart law instead of Eq. (7) since the virtual coil is not
necessarily in a circular shape. We explain the procedure to
derive the self inductance of the virtual loop coil supposing
the situation in Fig. 11(b). Note that the situation in Fig. 11(a)
can be discussed in the same way.

Fig. 12 shows the definition of points, vectors, the
integration area, and loop C , which corresponds to the virtual
loop coil discussed in the previous subsection. Point Qi(1 ≤

i ≤ nC + 1) is one of the nC points that divide loop C .
Here, we assume that point Qi and Qi+1 are located next to
each other on loop C . We also assume QnC+1 denotes the
same point as Q1. Point G is the center of gravity of loop
C , and it does not necessarily match with the center of the
metal Om. Point Pj(1 ≤ j ≤ nP) locates in the inside of loop
C . We assume the integration area in Fig. 12 is divided into
small nP parts, and the center point and the area of each part
are represented by point Pj and area dSj, respectively. In this
assumption, the magnetic flux density at point Pj is derived
by Eq. (26) based on Biot-Savart law.

BPj =
µ0

4π

∮
C

ds× l
|l|3

. (26)

We derive inductance Lm of loop C by integrating Eq. (26)
over the integration area in Fig. 12, Sm, as explained in
Eq. (27).

Lm =
µ0

4π

∫
Sm

∮
C

ds× l
|l|3

dS. (27)

By introducing summation operator to Eq. (27), we obtain
Eq. (28), which is suitable for numerical integration.

Lm =

nP∑
j=1

dSj ·
µ0

4π

nC∑
i=1

dsi × l
|l|3

· eZ ·

nC∏
h=1

g
(

|PjQh|
|GQh|

)

=
µ0

4π

nP∑
j=1

dSj ·
nC∑
i=1

−−−−→
QiQi+1 ×

−−→
QiPj

|QiPj|3
· eZ

·

nC∏
h=1

g
(

|PjQh|
|GQh|

)
. (28)

Here, the term of
∏
g works to limit the integration area so

that the point which is too close to the loop C is not included
in the integration result. Function g(x), which is defined by
Eq. (29), denotes that the point whose distance to loop C is
less than 5% of the distance from loop C to the center of
gravity G is ignored.

g(x) def
=

{
1 if x> 0.05,
0 otherwise.

(29)

Now, we have obtained the analytical equations that can
calculate the self inductance of the coil (Eq. (16)), the mutual

inductance between the coil and the metal piece (Eq. (24)),
and the self inductance of the metal piece (Eq. (28)), which
are required for describing the effect of the foreign metal
piece. The next section will evaluate the performance of the
methodology explained in this section and will introduce
the comparison to a general FEM-based simulator in terms
of the simulation accuracy and the computational cost.

IV. EVALUATION
This section shows simulation results based on our method-
ology and compares them with those of the FEM-based EM
simulator. Section IV-A introduces the simulation result of the
self inductance of the sense coil, and Section IV-B evaluates
the Z11 parameter of the entire system by changing param-
eters ym, zm, φy and φz. Then, Section IV-C evaluates the
frequency response of the system, and finally Section IV-D
compares the computational cost between the simulator based
on our methodology and ANSYS HFSS 16.1, which is a
general FEM-based simulator. Here, all HFSS simulations in
this section are executed at the signal frequency of 10 MHz.

A. SELF INDUCTANCE OF SENSE COIL
As we explained in Section III-C, the proposed methodology
calculates the self inductance of the sense coil with numerical
computation. There are two variables that define the shape
of the sense coil: the diameter of the sense coil and the
diameter of the wire. The following will demonstrate that our
methodology can consider both of these variables.

Fig. 13 shows the self inductance evaluated by the
simulator based on ourmethodology andANSYSHFSS 16.1,
where the coil diameter is 10 mm, and the wire diameter is
changed from 30 µm to 500 µm. Fig. 13 indicates that the
self inductance values are almost identical between this work
and HFSS, and the error is below 2.85 %.

We also evaluate the self inductance of the sense coil
whose wire diameter is 100 µm changing the coil diameter
from 1mm to 50 mm assuming a FMD system that detects
a small small metallic coin. Fig. 14 shows the simulation
result. We can see that the inductance values are also highly
correlated between this work and HFSS. The maximum error
is 4.78 %, and the average error is 1.60 %.

These results indicate that our methodology can accurately
estimate the self inductance of the sense coil. Here, note that
the simulation error of a few percent is mostly negligible
in practical use since the inductance of the commercially
available inductors contains the error of several percentages.
Also, the simulation result of the FEM-based method may
include the error of several percentages depending on the
mesh construction condition.

B. Z11 PARAMETERS AT SPECIFIC FREQUENCY
Next, we evaluate Z11 parameters in various situations since
Z11 parameter can describe the effect of the metal piece as
explained with Fig. 4. First, we show the relationship between
the metal position and Z11 parameter. Then, we show how the
rotation angle of the metal piece affects Z11 parameter.
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FIGURE 13. Comparison of the self inductance of the sense coil whose
diameter is 10 mm and the diameter of the wire is changed from 30 µm
to 500 µm.

FIGURE 14. Comparison of the self inductance of the sense coil whose
wire diameter is 100 µm and the diameter of the coil is changed from
1mm to 50 mm.

FIGURE 15. Comparison of Z11 parameter. zm is changed from 0.5 mm to
10 mm, and ym is changed from 0 mm to 7.5 mm. Diameters of the coil
and the metal are both 5.0 mm. Rotation variables are set as
φy = φz = 0[deg], and the wire diameter is 100 µm.

We conduct the following two simulation experiments to
evaluate the relationship between the metal position and Z11
parameter. One experiment examines the situation that the
radius of the metal piece is the same as the coil radius.
The other experiment covers the situation that the radius
of the metal piece is larger than the coil radius. Both
experiments change zm from 0.5 mm to 10 mm and ym
from 0 mm to 7.5 mm. Figs. 15 and 16 show the evaluation
results indicating that our methodology can evaluate Z11
value accurately. The observed maximum error is 3.74 %
and 3.11%, and the average error is 0.622 % and 0.663 %,
respectively.

To evaluate the effect of the rotation angle of the metal
piece on Z11 parameter comprehensively, we conduct four
experiments, where Table 1 lists the variable combinations.
Figs. 17 to 20 show the results. All the evaluations utilize the
same sense coil and the metal piece, whereas ym and φz are

FIGURE 16. Comparison of Z11 parameter. zm is changed from 0.5 mm to
10 mm, and ym is changed from 0 mm to 7.5 mm. The diameter of the coil
and the metal piece is 5.0 mm and 7.5 mm, respectively. Rotation
variables are set φy = φz = 0[deg], and the wire diameter is 100 µm.

TABLE 1. Variable setup for Figs. 17 to 20.

FIGURE 17. Relationship between φy and Z11. Variables are set as
a = rm = 2.5[mm], ym = 0[mm], φz = 0[deg] and w0 = 100[µm].

changed. In the setup of Fig. 17 (ym = 0), the relative position
is unchanged regarding φz since the center of the metal piece
is on the z-axis and the sense coil has the axially symmetrical
shape (See Fig. 5). Also, because of this symmetrical shape,
the sweep of φy is limited to 0 degrees to 90 degrees. On the
other hand, when non-zero value is set to ym, the system
structure is no longer symmetrical to z-axis. Therefore, for the
case of (ym = 1), we conduct three simulation experiments
(Figs. 18 to 20), where the sweep range of φy is expanded
to −90 degree to 90 degree. Here, in Figs. 18 to 20, the
coil and the metal piece are physically intersected at several
points, and therefore these points are not plotted. All of
Figs. 18 to 20 indicate that the difference between the results
based on our methodology and the HFSS results is small,
and the tendency regarding the spatial location and rotation
is completely reproduced by the proposed methodology. The
average error in Figs. 17 to 20 is 0.365 %, and even the
maximum error is only 1.55 %.

C. FREQUENCY RESPONSE
We next evaluate the reproducibility of the frequency
response.
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FIGURE 18. Relationship between φy and Z11. Variables are set as
a = rm = 2.5[mm], ym = 1.0[mm], φz = 0[deg] and w0 = 100[µm].

FIGURE 19. Relationship between φy and Z11. Variables are set as
a = rm = 2.5[mm], ym = 1.0[mm], φz = 45[deg] and w0 = 100[µm].

FIGURE 20. Relationship between φy and Z11. Variables are set as
a = rm = 2.5[mm], ym = 1.0[mm], φz = 90[deg] and w0 = 100[µm].

We choose the following situation as an example: a =

rm = 2.5[mm], ym = 0[mm], and φy = φz = 0[deg].
zm is changed from 1 mm to 4mm. Fig. 21 shows the
simulation result. The dotted line representing the proposed
methodology completely overlaps with the solid line of the
HFSS result. The average error is only 0.00405 % and the
maximum error is 0.0131 %. This result indicates that our
methodology is capable of evaluating the FMD system in the
frequency domain.

D. COMPARISON OF COMPUTATIONAL COST
Lastly, we compare the computational cost between the
simulator based on our methodology and HFSS. Our
methodology does not utilize the mesh on which FEM-based
EM simulators rely on, which contributes to fast computation
with small memory usage. It should be noted that although
the proposed methodology uses numerical integration with
discretization, the number of divisions of numerical integra-
tion does not depend on the size and positional relationship
between the coil and the metal piece. On the other hand,

FIGURE 21. Comparison of the simulation result of the Z11 parameter in
frequency domain. Variables are set as a = rm = 2.5[mm], ym = 0[mm],
and φy = φz = 0[deg].

TABLE 2. Values of all parameters utilized in each case.

FIGURE 22. Comparison of CPU time between this work and HFSS. While
this work computes the result with a single thread, HFSS evaluates the
model both with single thread computing and 12 parallel threads
computing.

the number of mesh required for FEM, which affects the
computation time and the RAM usage, highly depends on
the the size and positional relationship between the coil and
the metal piece.

To quantitatively compare the computational costs,
we conducted simulation experiments with three setups listed
in Table. 2. They cover various sizes of the system from
several millimeter (case 1) to several centimeter (case 3).
Here, in the HFSS simulation, we utilized a parallel thread
computing unit to save the evaluation time while the
simulator based on our methodology runs as a single thread.
All evaluations were executed on a computer with a CPU
of Intel i7-8700K and 64GB RAM. Figs. 22 and 23 show
CPU time and memory usage, respectively. It should be
noted that both Figs. 22 and 23 show the results in log
scale. Fig. 22 shows that the CPU time of HFSS simulation
increases according to the system size while the CPU times
of our methodology are almost identical regardless of the
system size. In case 3 of the largest system size, our approach
gives the result 971 times faster compared with HFSS. The
evaluation time of dozens of minutes with HFSS is shorted to
several seconds with our methodology, which contributes to
the acceleration of the FMD system design. Fig. 23 shows
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FIGURE 23. Comparison of RAM usage between this work and HFSS.
While this work computes the result with a single thread, HFSS runs with
12 parallel threads.

the RAM usage, indicating that the RAM usage of HFSS
increases in GB order according to the system size, while our
approach constantly consumes only 4.5 MB. In case 3, our
approach reduced the memory usage to 1/3863. We confirm
that our method always returns the result in almost the same
CPU timewith the same RAMusage. Thus, as the system size
increases, the computational cost reduction becomes more
significant.

V. LIMITATION
As we demonstrated in Section IV, the proposed method-
ology can evaluate the Z parameter in the FMD system
quickly compared with the conventional FEM-based sim-
ulation method. On the other hand, our methodology has
limitations that originate from two approximations. The first
approximation is that we only consider the part of the
metal piece where the magnetic flux density is pointing
the Z -axis direction as we explained in Section III. The
second approximation is an implicit one supposing that
the current spread in Z -axis direction is infinitely small.
These approximations may cause the evaluation error in two
situations: (A) a relatively large metal piece is placed near the
sense coil, and (B) a metal piece is placed in the vicinity of
the coil. Let us discuss each situation.

A. LARGE METAL PIECE
When a relatively large metal piece is placed near the sense
coil, our methodology cannot calculate both the equivalent
self inductance of the metal piece and the mutual inductance
between the sense coil and the metal piece correctly. This
limitation comes from the limited integration area as we
explained with Fig. 11 in Section III-D. Note that this issue
arises only when the metal piece and the sense coil are much
different in size, and it does not arise when both sizes are
enlarged. Also, it should bementioned that the relatively large
metal piece is easily detected by the real FMD system, and
hence the limitation discussed in this section does not disturb
the system development.

To evaluate the effect of relative metal size on the
calculation accuracy, we conduct a simulation supposing that
the diameter of the sense coil is 5.0 mm, ym is zero, and
rotation angles φy and φz are both set to zero degrees. As for
zm, two setups of 0.5 and 1.0 [mm] are tested. Fig. 24 shows
the comparison between this work and HFSS. The HFSS

FIGURE 24. Variance of Z11 parameter when the relatively large metal
piece is placed near the sense coil. Diameter of the sense coil is 5.0 mm,
and ym = 0[mm] zm = 0.5[mm], φy = φz = 0[deg].

FIGURE 25. Variance of Z11 parameter when the metal piece is placed
near the sense coil. Diameters of the sense coil and metal piece are both
5.0 mm, and ym = 0[mm], φy = φz = 0[deg].

simulation results converge beyond 7.5 mm, while the results
of our methodology are almost the same beyond 5.0 mm,
where at the point of 5.0 mm, the diameters of the metal
piece and the sense coil are the same. As for the converged
values, our methodology overestimates Im Z11, meaning that
the coupling factor k calculated with our methodology is
lower than the actual value. On the other hand, the error of
Im Z11 is 3.88 % at most, as shown in Fig. 24. Besides,
most of the system should tolerate such amount of error
since even FEM-based methods may contain several percent
error depending on the quality of the constructed mesh.
Thus, we conclude that this error is not critical in terms of
practicability.

B. VICINITY AREA OF COIL
As we mentioned at the beginning of this section, our
methodology regards the thickness in Z -axis direction of
the current flow line as zero. With this assumption, our
methodology inherently suffers from the singular point issue,
that is, the magnetic flux density becomes infinity as the
measurement point approaches the current flow. To evaluate
this effect, we conducted a simulation experiment with a =

rm = 2.5[mm], φy = φz = 0[deg], and ym = 0[mm].
Fig. 25 shows the comparison between this work and

HFSS. Im Z11 of our methodology becomes smaller than
the HFSS result as the distance between the coil and the
metal becomes smaller. This phenomenon originates from our
assumption described above. When the metal piece locates
near the coil wire, the magnetic flux density that penetrates
the coil is calculated as almost infinity. Consequently, the
coupling factor between the coil and the metal piece is
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overestimated. This overestimated coupling factor results in
a lower Z11 value. The error caused by this phenomenon can
be more than 50 % when the metal piece is placed 0.1 mm
away from the coil.

We therefore limit the applicable region of the proposed
methodology such that the metal piece should be placed
apart from the coil at least the distance of one-tenth of the
coil diameter. Meanwhile, this limitation is not a serious
problem in terms of practical use since this prohibition region
is sufficiently small compared to the size of the system.
For example, when we use the sense coil whose diameter
is 5.0 mm, the prohibition region is just 0.5 mm from the
coil wire. Most of the research focuses on how to detect the
metal piece apart from the sense coil since the metal piece
placed near the sense coil can be easily detected. In addition,
the situation in which the metal piece invades the prohibition
region does not completely spoil the proposed method. Even
in such a situation, the proposed method still can indicate
the existence of the coil as shown in Fig. 25, and hence we
suppose this limitation is acceptable.

VI. CONCLUSION
This paper proposed a methodology that analytically extracts
equivalent circuits from the FMD systems.We established the
simulation methodology with the aid of numerical integration
to evaluate Z parameter of the system consisting of a sense
coil and a metal piece. Our methodology can greatly reduce
the computation cost to evaluate the FMD system since
our methodology does not rely on FEM-based computation.
We evaluated the accuracy and practicability of the proposed
methodology using ANSYS HFSS 16.1 as a reference.
Evaluation results showed that our simulation methodology
can estimate Z11 parameter of the FMD system with a
maximum error of only 3.88 % compared with HFSS. Also,
our methodology can greatly reduce computational cost. The
CPU time is reduced to 1/971, and the RAM usage is reduced
to 1/3863 compared to HFSS. While our methodology has a
prohibitive region, the methodology is practicable since the
prohibition is limited to the region whose distance to the coil
is within 1/10 of the coil diameter. The metal piece placed
in such a small distance from the sense coil can be easily
detected with general FMDmethods, and hence the limitation
stated above does not disturb the system development.
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