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Abstract—An efficient inference algorithm for Bayesian neural
network (BNN) named BYNQNet, Bayesian neural network
with quadratic activations, and its FPGA implementation are
proposed. As neural networks find applications in mission critical
systems, uncertainty estimations in network inference become
increasingly important. BNN is a theoretically grounded solution
to deal with uncertainty in neural network by treating network
parameters as random variables. However, an inference in
BNN involves Monte Carlo (MC) sampling, i.e., a stochastic
forwarding is repeated NV times with randomly sampled network
parameters, which results in /V times slower inference compared
to non-Bayesian approach. Although recent papers proposed
sampling-free algorithms for BNN inference, they still require
evaluation of complex functions such as a cumulative distribution
function (CDF) of Gaussian distribution for propagating uncer-
tainties through nonlinear activation functions such as ReLU
and Heaviside, which requires considerable amount of resources
for hardware implementation. Contrary to conventional BNN,
BYNQNet employs quadratic nonlinear activation functions and
hence the uncertainty propagation can be achieved using only
polynomial operations. Our numerical experiment reveals that
BYNQNet has comparative accuracy with MC-based BNN which
requires N=10 forwardings. We also demonstrate that BYNQNet
implemented on Xilinx PYNQ-Z1 FPGA board achieves the
throughput of 131x10° images per second and the energy
efficiency of 44.7x10° images per joule, which corresponds to
4.07x and 8.99x improvements from the state-of-the-art MC-
based BNN accelerator.

I. INTRODUCTION

Neural networks have recently achieved tremendous success
in various fields such as the image recognition with supre-
human precision [1]-[3] and playing Go game [4]. Stimulated
by these success, neural networks are now finding applications
in critical and safety-sensitive domains such as self-driving
cars [5], [6] and flight control [7]. For example, in [8], a neural
network is used to directly map raw images captured by front-
facing cameras into steering commands.

It is obvious that for such safety critical applications,
making model predictions is not enough: we need uncertainty
of the neural network on generated predictions. For example,
for self-driving car to avoid accidents, the model should
know what situation has not seen before so that it can return
the control to human. Unfortunately, however, conventional
neural networks only generate prediction without uncertainty,
which is known to be a shortcoming of non-Bayesian neural
networks.

To solve this issue, Bayesian neural networks (BNNs)
have been developed [9], [10]. Contrary to traditional neural
networks having fixed weights, all weights in BNNs have
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their probability distributions. The network predictions are also
represented by a probability distribution with which we can
estimate the uncertainty of the outputs, i.e., the wide proba-
bility distribution of the output indicates the large uncertainty
on it. However, the inference of BNN is very slow since it
requires Monte Carlo (MC) sampling, i.e., N forward passes
with randomly sampled weights are performed to approximate
the statistical distributions of activations [11]-[13]. Therefore,
the conventional hardware accelerator for BNN [14] focused
on the acceleration of Gaussian random number generator
(GRNGQG) to accelerate the sampling process.

To avoid time-consuming MC sampling, recent researches
developed moment propagation algorithms [15], [16]. Here,
the input to the activation function (called “pre-activation”
hereafter) is a linear combination of the output from neu-
rons (called “post-activation” hereafter) in the preceding layer
and the corresponding synaptic weights. Therefore, the pre-
activation follows a Gaussian distribution thanks to central
limit theorem (CLT) even though the post-activation distri-
butions are complicated due to nonlinear activation functions.
Knowing that the network activation approximately follows
a Gaussian distribution, we only need to propagate first and
second moments of activations through the network since a
Gaussian distribution is completely determined by a mean and
a variance.

Although the sampling-free techniques in [15] and [16]
drastically improved BNN inference time by eliminating the
MC sampling, their methods require computations of complex
functions such as a cumulative distribution function (CDF)
of a Gaussian distribution for propagating moments through
nonlinear activation functions. Hence, their methods cannot be
directly deployed on resource constrained devices such as field
programmable gate arrays (FPGAs).

In this paper, we propose BYNQNet, Bayesian neural net-
work with quadratic activations, which replaces ReLU with a
simple quadratic function to enable exact and efficient moment
computation and propagation on FPGAs whereas moments
are approximately computed for ReLLU in [15], [16]. The use
of quadratic activations is studied in [17], but the objective
was to make operations in neural networks compatible with a
fully homomorphic encryption schemes. On the other hand, we
exploit the simplicity of the quadratic activations to derive a
lightweight algorithm for the moment propagation. As we will
show in Sec. III, substituting ReLU with quadratic activations
allows us to compute the moment of post-activations only by
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(a) MC-BNN (Conventional)
Fig. 1.

(b) BYNQNet
(a) MC-based BNN and (b) proposed BYNQNet.

polynomial operations, which can be efficiently implemented
on FPGAs. The difference between the conventional BNN and
BYNQNet is illustrated in Fig. 1.

Our preliminary experiment using software implemented
BYNQNet reveals that BYNQNet has comparable perfor-
mance with an MC-based BNN (MC-BNN) when N=10.
Although single forwarding of BYNQNet costs approximately
3x more computations compared with that of MC-BNN,
BYNQNet has the advantage that it requires no MC sampling
for uncertainty estimation. Hence, in this particular situation,
BYNQNet achieved 10/3/3.3x reduction in computational
costs. Furthermore, BYNQNet implemented on PYNQ-Z1
FPGA board demonstrates the throughput of 131x10% images
per second and the energy efficiency of 44.7x 103 images per
joule, which corresponds 4.07 x and 8.47 x improvement from
the state-of-the-art MC-BNN accelerator in [14].

Followings summarize the contributions of this paper.

o To the best of our knowledge, this is the first FPGA
implementation of sampling-free BNN.

e We conduct an exhaustive experiment with software
implementation of BYNQNet and demonstrate that the
CLT assumption holds for the practical neural network
structure and that BYNQNet has comparable performance
with MC-BNN when N=10.

o« BYNQNet is implemented on PYNQ-Z1 board having
220 DSPs and it achieves 4.07x and 8.47x higher
throughput and energy efficiency compared to the state-
of-the-art MC-BNN accelerator proposed in [14].

The rest of this paper is organized as follows. In Sec.II,
we provide the preliminaries required to introduce BYNQNet,
followed by the detail of BYNQNet in Sec.IIl. The software
implementation of BYNQNet is compared with MC-BNN in
Sec. IV. Then, in Sec. V, BYNQNet on PYNQ-Z1 board
is compared with the state-of-the-art MC-BNN accelerator
proposed in [14]. Finally, concluding remarks are provided
in Sec.VL

II. PRELIMINARIES

A. Bayesian Neural Network
Bayesian neural network (BNN) is an extension of
neural network that can model uncertainties of predic-
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tions. For a general Bayesian model, we are interested
in finding the posterior distribution over the network

weights, W = (w!, w?,---  w’), given the training data,
X = (xy,x9,- - ,xp), and the target label, ¥ =
(y1,Y2," - ,yar). Here, w' is the N; x N;_; weight matrix of

[-th layer having N;_; input and N; output nodes, x; is a D-
dimensional vector, and M is the number of training samples.
By using the Bayes’ theorem, the posterior distribution can be
represented by the combination of the likelihood and the prior
distribution: PIX|W)P(W)
PW|X) = P(X) . (€))
In practical applications, this posterior distribution is not
tractable and hence the variational inference technique has
been developed to approximate the posterior distribution, i.e.,
P(W|X) =~ q(W|0), where ¢(-|-) is a variational posterior
distribution and @ is variational parameters.

For simplicity, a Gaussian distribution is usually employed
for the variational posterior distribution. Hence, an (i, j)-
element of w' can be obtained by

wéj :uﬁj +¢-log (1+exp (Pig)) J 2)
where ¢ is a random variable sampled from the unit Gaussian
distribution, and /,Léj and péj are the variational parameters.
During test time, we perform the forward propagation repeat-
edly with randomly sampled network weights to approximate
the statistical distribution of network outputs:

Zg y, @, W), 3)

where « and y are network mput and output, respectively, and
W) is i-th sample drawn from ¢(W@). Using generated
samples, we can evaluate the uncertainty of the classification
by several metrics such as the entropy defined by

H[y|m,X,Y]:—ZP(y: cle, XY )ogP(y=clz,X)Y). (4)

Plyle,X,Y) =

(&

BNN is capable of reporting the uncertainty in the network
output, which is the distinct advantage of BNN, but it involves
a large amount of computation since the forward propagation
is repeated /N times to make each prediction. This means
that BNN is N times slower compared to the conventional
neural network having the same network structure, which is
unacceptable for real-time applications such as self-driving
cars.

B. Moment Propagation

To eliminate the time consuming MC sampling, several
recent works have developed moment propagation algo-
rithms [15], [16]. We briefly review the algorithm using a
single-hidden layer neural network. At the [-th layer, the

network computes
Ni—1

zh = bl + Z wh ik, 5)

where b! = (b},bL, - bN) is the bias of the neuron and
x = (xg_7xl27 U le) and b/~ = (hll_lvhl2_17”’ 7h§\71i1

are the [-th layer pre-activations and [—1-th layer post-
activations, respectively. The post-activations are computed
by using a nonlinear functlon o), ie., hl 1= (;5( D). In

Eq. (5), we notice that z! is a sum of 1ndependent and identi-
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cally distributed (i.i.d) terms since weights are taken to be i.i.d
and the post-activations, hé._l and h;,_l, are independent for
j # j'. Hence, according to the central limit theorem (CLT), x}
follows a Gaussian distribution at the limit of infinite neurons,
ie., Nl—l — OQ.

Knowing that z! approximately follows a Gaussian dis-
tribution, all we need to compute is the first and second
moments (mean and variance) of activations since a Gaussian
distribution is fully described by the mean and variance. By
modeling wfj and hé-_l as independent random variables,
means and variances of post-activations can be represented

as:
Ni—1

-_bl—I—Z

Ni—a

Viz!] :Z {(V w!

wi 2 WG+ Vi B[RS}

N
Here, E[z] and V[z] are the mean and variance of the random
variable z. Note here that the distributions over network
parameters are fixed during test time and that E[w ZJ] and
V[wfj] are precomputable constants. Hence, by recursively
applying Egs. (6) and (7), we can compute the first and
second moment of the final layer activations as a deterministic
function of the moments of network inputs.

The remaining difficult part is the moment propagation
through the nonlinear activation function, ¢(-). A closed-form
approximation of E[p(z!)] and V[¢(x!)] are proposed for
ReLU activations in [15]. However, the approximation still
contains complex functions such as a CDF of a Gaussian dis-
tribution, which requires huge circuit area when implemented
on hardware.

III. PROPOSED METHOD

A. Quadratic Nonlinearity
In this section, we propose new quadratic activation
functions to enable simple yet exact moment propagation
through activation functions. Firstly, we employ the following
quadratic polynomial as the nonlinearity:
o(x) = (7). ®)
Then, the first moment of the post-activation is represented as a
function of the first and second moments of the pre-activations
as follows:
E [ni] = E[(2})’] = Viz{] + E[z{)*. ©)
For the second moment of the post-activation, we have

VIRl = V()] = E [ ((@})? - Bl(=})?)’]

= E [(2})*] - E ()] (10)
Then, using the fact that the fourth moment of Gaussian
distributed random variable X, E[X?], is given by E[X]*
6E[X]?V[X] + 3V[X]?, we have
V [nl] = 2V[zl] (V[2] + 2E[z})?) . (11)
Egs. (9) and (11) tell us that the first and second moments of
post-activations can be represented as the polynomial function
of E[z!] and V[z!]. Hence, owing to the quadratic nonlinearity,
the moment propagation through nonlinear activation functions
can be computed using only simple polynomial operations.
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Algorithm 1 Moment propagation in BYNQNet.

Input:
E[h'™!] and V[R! 7]

> N;_1-dimensional vectors of means and
variances of [—1-th layer post-activations

> N, X N;—1 matrices whose (i,7)-
elements are given by Eqgs. (15), (16),

N and (17), respectively

b > N;-dimensional vector whose elements

are given by Eq. (18)

W, W, and W,

Output:
E[h!] and V[R'] > Ni-dimensional vectors of means and

variances of [-th layer post-activations

m<—b’+WllE[hl ]

v WIV[R 1]+Wl (E[R''] o E[A'1])
E[h]eermom

V[h!] < 2vo (v +2mom)

We specifically call the BNN having the proposed quadratic
activation function as Bayesian neural network with quadratic
activations (BYNQNet).

B. Fused Batch Normalization for BYNQNet

Batch normalization (BN) is an indispensable technique for
modern neural networks to stabilize network training as well
as to improve the generalization capability. BN transforms the
layer output, z!, as follows:

Gl = 41 g — p + 8l
where :?f is the activations after BN, ¢ is a small constant for
numerical stability, and 4! and /3! are trainable parameters. i
and o! are the mean and variance of a batch, which will be
recomputed for each epoch during training.

Since fyf, Bf, ,ué, and af are fixed during test time, BN is
essentially identical to a linear transformation and hence BN
can be fused with the weight matrix multiplication:

(12)

Al]fbl+z @', ;B[R] (13)
N,

ViE] =Y @l VI + B BB, (4)
j=1

where @', ;;, @ ;;, ALQ ;;» and bl are the precomputable

parameters defined as:
l

~] i I
Wh,ij = WE[WJ] (15)
12
~1 (7i) l 1
Wy ;5 = O (VIwj;] + E[w};]?), (16)
12
~1 (vi) l
W2 5 = mv[wiﬂ, (17)
Ly
(o ) + €

Algorithm 1 summarizes the final algorithm for propagating
moments through single hidden layer of BYNQNet, where o
represents the element-wise product.

C. Hardware Implementation

1) Design Flow: The overall design flow of implementing
BYNQNet on PYNQ-Z1 board is shown in Fig. 2. First, BYN-
QNet is implemented and trained using TensorFlow frame-
work. To fully exploit the automated gradient computation
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Fig. 3. Proposed BYNQNet accelerator.

provided by TensorFlow, we used reparameterization trick
for model training, which suggests to sample unit Gaussian
random variable, followed by scaling and shifting so that
gradients can propagate through scaling and shifting vari-
able [18]. After the training, the means and variances of
weights are extracted as a NumPy array format. Then, our
in-house parameter converter computes Eqgs. (15), (16), (17),
and (18) and formats the results as a C++ header file to be
stored in on-chip BRAMs.

The hardware architecture of BYNQNet is designed using
C++ language. The native C++ code uses floating-point format
to represent weight and activations, which comes at a great
cost when implemented on hardware [19]. Hence, we replace
floating-point values with low-bit fixed-point values. To sim-
ulate the behaviour of fixed-point arithmetics in software, we
adopt “ap_fixed” template class provided by Xilinx. Then,
Xilinx Vivado toolchain is used to generate a “.bit” file which
is used to configure an FPGA. To control the BYNQNet
on FPGA, we use PYNQ framework, with which the FPGA
accelerator can be controlled via Python scripting language.

2) Overall Architecture: The overall architecture of BYN-
QNet accelerator is shown in Fig. 3, which consists of on-chip
BRAMs for storing network parameters and three processing
elements (PEs) each of which corresponds to a layer of BYN-
QNet. We employed a streaming pipelining architecture to
increase the inference throughput. For the communications be-
tween each layer, we used data streaming mechanism provided
by Xilinx, where data samples are transferred in a sequential
order starting from the first sample. The precomputed weights
which are ready to participate in the inference are allocated
in on-chip BRAMs and hence only input and output of the
network are stored in off-chip DDR memory connected via
AXI streaming interface.

3) PE Design: As shown in the upper part of Fig. 3, a PE
consists of three dedicated multiplication and accumulation
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Fig. 4. Distributions of the final layer pre-activations reported by BYNQNet
and MC.

units each of which is responsible for computing Eq. (13) and
the first and second terms of Eq. (14), respectively. Each PE
loads the means and variances of the previous layer activations
serially, computes multiplications by the precomputed weights,
accumulates the partial sum, and sends the accumulated results
to the succeeding PE. Note again that each PE has a dedicated
on-chip memory for storing precomputed parameters so that
every PE can operate in parallel.

IV. VALIDATION WITH SOFTWARE IMPLEMENTATION

A. Experimental Setup

Before implementing BYNQNet on an FPGA platform,
we conduct a numerical experiment to compare the accuracy
of BYNQNet with MC-BNN employing ReLU activation
function. For this purpose, we implement BYNQNet and the
MC-BNN by using TensorFlow framework and train both on
MNIST dataset [20]. MNIST is a collection of 70k images
of 28x28 pixel gray-scale handwritten digits. Among 70k
images, 60k images are used to train a network while the
rest of 10k images are used to test the trained network. Both
BYNQNet and MC-BNN implemented have 784 inputs, 2
hidden layers each of which has 200 neurons, and 10 outputs.
All layers are densely connected.

B. Accuracy of Moment-Propagation

As mentioned in Sec. III, BYNQNet is based on CLT,
which assumes that (1) the number of neurons in hidden layers
(N;) are large enough and that (2) each post-activation is
stochastically independent. However, in the practical situation,
a hidden layer typically contains only hundreds of neurons and
there are weak correlations among post-activations, which may
violate the assumption of CLT.

To investigate the error induced by those factors, we com-
pare the pre-activation distributions of the final layer reported
by BYNQNet with that estimated by MC using 10k trials
and summarize the result in Fig. 4. We can see the perfect
agreement of BYNQNet with MC, which provides evidence
that the assumptions of CLT hold for practical situations.

C. Impact of Quadratic Activation Functions on Performance
We further investigate the performance degradation caused
by replacing ReLU with quadratic function. Fig. 5(a) compares
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Fig. 5. Performance comparison of MC-BNN employing ReL.U and BYNQNet. (a) Testing accuracy comparison. Precision recall curve of MC-BNN (b) and

that of BYNQNet (c). (d) Area under the precision-recall curves.

the testing accuracy of BYNQNet with that of the MC-
BNN for different /N. Note again that, for a fair comparison,
both networks have exactly the same structure except the
nonlinear activation functions, i.e., BYNQNet has quadratic
activation function while MC-BNN has ReLLU. For MC-BNN,
the same experiment is repeated for 20 times to obtain the
95% confidence intervals which are again shown in the same
figure. Fig. 5(a) shows that the testing accuracy improves
by increasing N and that small N (e.g. N=10) attains a
reasonable classification accuracy, which is consistent with
the observation in [11]. We also notice that the accuracy of
BYNQNet is comparable to that of MC-BNN when N=10.

We remind the reader that MC-BNN needs to perform
N stochastic forwarding through the network with randomly
sampled network weights while BYNQNet requires only a
single forwarding during which the first and second moments
are propagated to obtain the network output as well as the
uncertainty. It should be noted that the single forwarding of
BYNQNet needs approximately 3x computation compared
with MC-BNN since the formulas of BYNQNet, Eqs (13)
and (14), involve computations of three matrix multiplications.
Hence, in this particular situation, BYNQNet achieved approx-
imately 3.3x reduction in computation while maintaining the
testing accuracy.

D. Uncertainty Estimation

We further investigate the reliability of the estimated un-
certainty by using the precision-recall (PR) metric [21]. First,
we compute the uncertainty for each classification with Eq. (4)
and rank images according to the associated uncertainty. Then,
the testing accuracy is evaluated only for a-portion of images
having lower uncertainty, where the others are discarded. The
curve shows how classification accuracy changes as we dis-
card images with uncertainty higher than different percentile
thresholds.

Figs. 5(b) and (c) show the PR curves of MC-BNN and
BYNQNet. For MC-BNN, the PR curves for 20 experiments
are shown. Also, the PR curve of the perfect classifier (cor-
responding to 100% precision and 100% recall) is shown for
the reference. In Fig. 5(b), we notice that by increasing N, the
PR curve gets gradually closer to that of the perfect classifier.

To quantitatively compare the reliabilities of reported un-
certainties, we compute the area under each PR curve (AUC)
and summarize the result in Fig. 5(d). The error bars again
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show the 95% confidence intervals. A high AUC indicates
that a classifier outputs accurate results while suppressing the
misclassification and hence the AUC of the perfect classifier
will be 1.0. Studying Fig. 5(d), we again see that the AUC of
BYNQNet is comparable to that of MC-BNN when N=10.
Hence, we can say again that BYNQNet achieves 3.3x
reduction in computations while maintaining the quality of
uncertainty estimation.

V. HARDWARE IMPLEMENTATION AND MEASUREMENT

BYNQNet used in Sec. IV is implemented on Xilinx
PYNQ-Z1 board which embeds Zynq XC7Z020 SoC contain-
ing 53,200 LUTs, 220 DSP slices, and 630KB BRAMs along
with a Cortex-A9 processor.

A. Bit-Length Optimization

To identify an optimal fixed-point bit-length of operands,
an exhaustive experiment is conducted. Fig. 6(a) compares the
testing accuracies of BYNQNet implemented using different
fixed-point bit-lengths with that of the 32-bit floating-point
model. We notice that by increasing the bit-length, the testing
accuracy quickly reaches to that of the floating-point model
and that 7-bit is sufficient to achieve the 0.1% or less error.

Fig. 6(b) compares PR curves of fixed-point BYNQNet with
that of the floating-point BYNQNet. We can again see that
the PR curve of 7-bit fixed-point model is comparable to that
of the floating-point model. Fig. 6(c), which compares AUCs
of the fixed-point models and the floating-point model, also
demonstrates that the 7-bit fixed-point model is comparable to
the floating-point model.

Considering those observations, we choose 7-bit fixed-point
model to reduce the hardware footprint while maintaining the
accuracy.

B. Measurement

Using Vivado toolchain, we convert the BYNQNet employ-
ing 7-bit fixed-point representation into “.bit” file. We mea-
sured power consumption of the whole PYNQ-Z1 board using
a USB power meter as shown in Fig. 7. During measurement,
10k test images are continuously applied to the PYNQ-Z1
board to observe the averaged power consumption.

We compare BYNQNet with the state-of-the-art MC-BNN
accelerator [14] and summarize the result in Tab. I. Since
[14] used a Cyclone V FPGA, the direct comparison in
resource utilization is difficult and hence we here focus on
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