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Abstract—This paper proposes to adopt logarithm-
approximate multiplier (LAM) for multiply-accumulate
(MAC) computation in neural network (NN) training engine,
where LAM approximates a floating-point multiplication as
an addition resulting in smaller delay, fewer gates, and lower
power consumption. Our implementation of NN training engine
for a 2-D classification dataset achieves 10% speed-up and
2.5X and 2.3X efficiency improvement in power and area,
respectively. LAM is also highly compatible with conventional
bit-width scaling (BWS). When BWS is applied with LAM in
four test datasets, more than 5.2X power efficiency improvement
is achievable with only 1% accuracy degradation, where 2.3X
improvement originates from LAM.

Index Terms—approximate computing, neural network, train-
ing engine, floating-point unit, logarithmic multiplier, multiply-
accumulate operation

I. INTRODUCTION

Advanced artificial intelligent (AI) technology has driven

Big Data analysis to benefit industries such as finance,

medicine, and manufacturing. For delivering AI efficacy to

our daily life, emerging edge computing moves the data and

services from the cloud to the vicinity of edge terminals, where

the data can be analyzed in the edge server before sending to

the cloud [1]. Edge computing is expected to provide more

local and real-time services than cloud, but the servers are

required to enable in-situ data processing and judgment. With

this trend, energy-efficient hardware training engines that can

be accommodated in edge servers are demanded and widely

studied [2] [3].

Neural network (NN) is one of the most widely-used

techniques in machine learning [4]. A feedforward NN model

is composed of a few to many layers, each of which includes

many neurons. The neurons are connected layer by layer

through synaptic weights. The synaptic weights are optimized

to provide sufficiently high accuracy through computationally

expensive training phase. Hardware NN system is mainly

categorized into two types. The first one is inference engine

that processes a network with given pre-trained weights, and

the latter is training engine that has additional capability of

weight optimization in training phase. Regardless of inference

or training engine, multiply-accumulate (MAC) arithmetic

computation is the primary operation. Rapidly increasing trend

of NN size to deal with more difficult and sophisticated

problems explodes the amount of MAC computation, resulting

in a strong demand for dedicated hardware engines.

Inference engines in several studies exploit inherent error-

tolerant property in machine learning and introduce approx-

imate computing (AC) techniques for gaining performance

and reducing cost [5]–[8]. Among various AC techniques for

inference engine, bit-width scaling (BWS), which reduces the

bit width of data representation, is the most popular way that

trades computation reduction with accuracy degradation [5],

[9]–[11]. Even binarized neural networks are studied.

In contrast to inference, training engine needs to perform

more arithmetic computation with a wider dynamic range since

the gradient, which is numerically computed and used to guide

the weight update, spreads in a large dynamic range [9]. Due to

this, adopting floating-point units (FPUs) is beneficial to train-

ing engine to accommodate such gradient computation needing

a large dynamic range, but FPUs are known power hungry and

area expensive [12]. Especially, multiplication is one of the

most power-hungry and space-demanding arithmetic operators

in FPUs, and hence massive MAC computation in NN training

deteriorates the power and design efficiency. Therefore, power-

efficient floating-point multiplication is highly demanded by

training engine development.

In this paper, we propose to adopt logarithm approximate

floating-point multipliers (LAMs [13]) in training engine. The

advantages for adopting LAMs in training NN include: (1)

LAM approximates expensive floating-point multiplication as

cheap fixed-point addition resulting in significant power and

area saving, (2) even adopting LAM, BWS is applicable, and

both advantages of LAM and BWS can be obtained. To the

best of our knowledge, this paper reports the first attempt

that incorporates LAM with BWS into floating-point training

engine. In a 2-D classification case [14], LAM based training

engine provides 10% speed-up and 2.5X power reduction in

addition to 2.3X area saving. Combining LAM with BWS,

the improvement increases to 32% speed-up and 5.5X power

reduction in addition to 5X area saving. Moreover, even BWS

is applied with LAM, training accuracies for several datasets

are comparable, which means they are sometimes better or

worse, and the accuracy degradation is at most 1.0%. A

projection of the hardware performance from the simple 2-

D classification case to larger-size NNs shows that more than

5.2X power reduction is attainable, where 2.3X improvement

originates from LAM.

The rest of this paper is organized as follows. Section

II reviews NN with its training and related works. Section

III introduces LAM and discusses its approximation error.
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Fig. 1. Schematics of (a) forward-propagation, and (b) back-propagation in
a feed-forward neural network.

Experimental results of adopting LAM in training engine are

presented in Section IV. and Section V concludes this paper.

II. PRELIMINARIES, RELATED WORK AND RESEARCH

MOTIVATION

A. Basics of Neural Network

Fig. 1(a) illustrates a multilayer perceptron (MLP) structure,

which is known as a basic feedforward NN [15]. Each neuron

in the network computes a sum of all the states of neurons

in the previous layer multiplied with corresponding synaptic

weights, passes the sum through a non-linear activation func-

tion to determine its state, and then propagates the state to the

next layer. This procedure can be expressed as:

Y = Act(
∑

WX +B), (1)

where X denotes the state of each neuron in the previous layer,

W and B denote corresponding synaptic weights and bias,

Act() represents a nonlinear activation function, which usually

allows passing > 0 values or limites the values between -1 to 1,

and Y is the state of the neuron. Referring to Fig. 1(a), (X,W,Y)

could be either (I,W(H),H) or (H,W(O),O). This procedure,

so-called forward propagation, keeps going until the states of

all the neurons in the output layer are determined, which is

the core and dominant operation that an inference engine with

pre-trained weights executes.
On the other hand, training NN aims at finding a set of

synaptic weights and bias values to minimize the loss function

(Loss), which is usually defined as the error squared between

the state from the forward propagation results in output layer

O and target T [15]. In the beginning of training phase, all

the weights are randomly initialized (biases can be initially

set to 0) and then forward propagation is launched. The next

step is to distribute the loss according to the contribution of

each synaptic weight (W) and bias (B), which can be obtained

through computing their gradient (∂Loss/∂W and ∂Loss/∂B).

Based on the computed gradient, each synaptic weight and

bias can be numerically updated during each iteration. Let us

take Fig. 1(b) as an example. Suppose a synaptic weight Wi
za

connects the z-th neuron in the (i-1)-th layer (state = Yi−1
z )

with the a-th neuron in the i-th layer (state = Yi
a) and a bias

Bi
a is in the a-th neuron in the i-th layer. Then, Wi

za and Bi
a

can be trained by:

W i
za += −η

∂Loss

∂W i
za

where
∂Loss

∂W i
za

= δiaY
i−1
z , (2)

Bi
a += −η

∂Loss

∂Bi
a

where
∂Loss

∂Bi
a

= δia, (3)

The gradient terms ∂Loss/∂Wi
za and ∂Loss/∂Bi

a in (2) and (3)

share the same term δia while ∂Loss/∂Wi
za further includes the

term Yi−1
z . Basically, the gradient terms would decay during

the weight and bias update, and thus these are also called

gradient decent method. η is the learning rate, and δia is

conditionally formulated as follows. If the i-th layer is the

output layer, δia is:

δia = Act′(Oa)(Oa − Ta), (4)

where Oa represents the state computed through forward

propagation, Ta means its target state, and Act’ means the

derivative of activation function. If the i-th layer is not the

output layer, referring to Fig. 1(b), δia is formed as:

δia = Act′(Y i
a )(

b∑
n=1

W i+1
an δi+1

n ), (5)

where Wi+1
an denotes the synaptic weight to the n-th neuron in

the (i+1)-th layer. δi+1
n can be recursively computed through

(4) and (5). Note that, with (4) and (5), the output loss is

propagating backward from the output layer, and thus this

procedure is named as back-propagation [15]. In addition,

(5) indicates that the δia in the non-output layer needs to

compute all the weighted sum of δi+1
n , meaning that MAC

computation is also primary in back propagation. Therefore,

training phase executes huge amount of MAC computations

during the iteration loops of forward and back propagation. In

addition, the gradient terms have a large dynamic range, and

thus adopt floating-point arithmetic is beneficial in training.

B. Related Work and Research Motivation

Several papers propose to introduce bit-width scaling [6]

[7] and approximate multipliers [16] [17] into NN. The former

uses fewer bits in computation while the latter aims at reducing

the resource for multiplication operation.

Logarithm based multiplier is a typical type of approximate

multiplier since logarithm converts multiplication to addition.

Some researches exploit logarithm based multiplier in NN.

Reference [11] applies iterative logarithmic multipliers (ILM)

with error tolerant algorithm whereas [16] directly converts

multiplicand and multiplier into log domain to do multipli-

cation as an addition. The above studies are all based on

fixed-point units. Recent works [18] and [19] propose to

adopt logarithm based floating-point multiplier in NN, but

[19] only adopts it in inference engine. As for floating-point

training engine, existing works study BWS only [5], [9], [10].

Although [18] applies logarithm based multiplier to training,

logarithm based multiplier is used only in the early stage of

training, and the exact multiplier is used in the latter training

stages. Therefore, [18] demands an exact multiplier in addition

to an approximate one and relies on the exact multiplier for

training. Also, cooperative design with BWS is not addressed.

In summary, previous studies for floating-point NN training

intensively focus on BWS, and it left the space for evaluating

104 29th International Symposium on Power and Timing Modeling, Optimization and Simulation (PATMOS 2019)



the efficacy of logarithm based multiplier in training. Also,

BWS is still the primary choice in training engine design, and

hence the compatibility between logarithm based multiplier

and BWS must be investigated. Taking into account the

tremendous number of MAC operations in training engine

and the limited power budget for edge computing, exploring

a useful approximate technique for pursuing higher energy

efficiency and examining its compatibility with BWS could

give a useful implication for training engine designers, which

is the objective of this work.

III. LOGARITHMIC APPROXIMATE MULTIPLIER

Logarithmic approximate multiplier, LAM in short, is devel-

oped by [13]. With an approximation, a floating-point value in

linear domain can be regarded as its value taken by logarithm

of base 2 in fixed-point format. Thanks to the log-domain prop-

erty, floating-point multiplication can be simplified to fixed-

point addition. This section introduces LAM and analyzes its

approximation error.

A. Floating-point Multiplication

Floating-point format consists of three parts to represent a

value in scientific notation; one bit for sign, several bits for

exponent, and the remaining bits for fraction. When a floating-

point contains N exponent bits and M fraction bits, a value is

represented by:

(−1)sign ∗ (1 + fraction/2M ) ∗ 2(exponent−bias), (6)

where bias equals to 2(N−1)-1. Fig. 2 explains the multipli-

cation of two floating-point values, where these three parts

in the floating-point representation are processed individually.

The sign parts take an exclusive-or function, then the exponent

parts are added, and the fraction parts are multiplied after

adding 1 to make mantissas. The multiplier for the mantissas

consumes large power and area, and it often limits the speed

since it contains many full adders in both width and depth.

B. Logarithmic Approximate Multiplier

Focusing on positive floating-point number, we simplify (6)

for the sake of clarity in the following discussion.

A = 2E(1.F ), (7)

When converting it into log domain, (7) becomes

log2A = E + log2(1.F ) ∼= E.F, (8)

where the approximated representation in the right term uti-

lizes the approximation below.

log2(1 + x) ∼= x, for 0 ≤ x ≤ 1. (9)

Reminding the alignment of E and F in the floating-point

number format in Fig. 2, (7) and (8) indicate that a floating-

point value A can be approximately regarded as log2A in a

fixed-point format without any modification.

Logarithmic domain is beneficial in multiplication as men-

tioned in Section II-B since it can convert multiplication to

addition. Fig. 3 illustrates the approximate multiplier which

Fig. 2. Exact floating-point multiplier.

Fig. 3. Logarithmic approximate multiplier (LAM).

we name as logarithmic approximate multiplier (LAM). There

is no more multiplication in LAM, just adding up the exponent

and fraction parts of the two values to obtain the approximate

multiplication result.
We can also analyze the approximation error of LAM by

directly comparing the computations of exact multiplication

and LAM. If there are two values A and B in floating-point

format as A = 2eA (1 + fA) and B = 2eB (1 + fB), where fA,

fB denote the fraction values of A, B and eA, eB denote the

exponent values of A and B, the exact multiplication of A and

B becomes:

A×B = 2eA+eB (1 + fA)(1 + fB), (10)

Equation (10) may be changed after normalizing to follow the

format of (6) since the non-exponent part (1 + fA)(1 + fB)

must be limited between 1 and 2. If (1 + fA)(1 + fB) ≥ 2,

then this value should be divided by 2 and carry 1 is delivered

to exponent. Similarly, the result of LAM also depends on fA
+ fB . Basically, LAM(A,B) equals to 2eA+eB (1 + fA + fB),

but if fA + fB ≥ 1, which means the sum of fraction values

causes overflow and generates carry to the integer (exponent)

part, LAM comes out to be 2eA+eB+1(fA + fB). Comparing the

expressions from varied conditions, approximate error ErrLAM

can be derived as a conditional function of fA & fB :

ErrLAM =

{
fAfB , (1 + fA)(1 + fB) < 2

(1− fA)(1− fB)/2, otherwise.
(11)

Here, both fA and fB are between 0 and 1, and hence ErrLAM

is always above 0. Fig. 4 shows a contour map of ErrLAM

as a function of fA and fB . The maximum value of ErrLAM

is 3-2
√
2 ∼= 0.172 when both fA and fB equal to

√
2-1 ∼=

0.414. Note that this value is just the gap of fraction term,

and the actual error needs to take the sum of exponent terms

into consideration. Fig. 4 also indicates that, as long as either

fA or fB is closed to 0 or 1, the approximate error is well

suppressed. The advantage of LAM in terms of the speed,

power, and area will be discussed in Section IV-A, and the
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Fig. 4. Contour plot of ErrLAM.

Fig. 5. Performance comparison results of LAM and EFM.

impact of the approximation error on the NN training will be

investigated in Sections IV-C and IV-D.

IV. EXPERIMENTAL RESULTS

This section shows the advantage of LAM as an arithmetic

unit and demonstrates the impact of LAM in the NN training

engine on the classification accuracy and hardware resource.

A. LAM Performance

We first evaluate the performance of LAM as a multiplier

by implementing two multipliers; one is LAM, and another

is baseline exact floating-point multiplier, denoted as EFM.

LAM is manually implemented by RTL with verlog while

EFM directly adopts Synopsys DesignWare IP DW fp mult

for functional credibility and sophisticated quality. The two de-

signs are synthesized by Design Compiler with 45nm Nangate

cell libraries. We examine their highest achievable frequencies

during speed evaluation. In contrary, we align the synthesized

frequency for power and area benchmarking.

The evaluation results are shown in Fig. 5. For the sake

of clarity, all the results are normalized by that of 32-bit

EFM. Fig. 5 shows LAM achieves 2.5X speed compared

with EFM and consumes 17X less power and 8X less area

in case of 32-bit floating-point expression (sign-exponent-

fraction = 1-8-23). It is noted that all the power values in this

paper are obtained by Design Compiler without annotating

actual toggle information. The results of 16-bit version (1-

5-10) are also presented. An interesting observation is that

32-bit LAM operates faster and consumes less power and

area than even 16-bit EFM. Thus, LAM can improve energy

efficiency remarkably. The following sections evaluate the

impact of LAM on NN training with BWS in terms of the

NN classification accuracy and hardware performance.

TABLE I
NN STRUCTURE FOR TESTCASES.

Dataset #Neurons (I,H,O) batch size
FOURCLASS (2,8,2) 100

MNIST (400,300,10) 100
HARS (561,40,6) 40

ISOLET (617,100,26) 60

Fig. 6. PLAN [24]. (a) Expression of PLAN and (b) original and PLAN
sigmoid plots.

B. Experimental Setup for NN Training

Table I lists the datasets [14], [20]–[22] used for the

experiments in this paper and the numbers of neurons in the

NNs for each dataset. For the experiments, we prepare a 3-

layer structure, which means 1 hidden layer, and adopt ReLU

(Rectified Linear Unit, y = max(x,0)) and sigmoid function

(y = 1/(1+exp(-x))) as the activation function of hidden and

output layers, respectively. Cross entropy is chosen as the

loss function since it can combine with the sigmoid function

to simplify (4) to a simple linear relation, δia = Oa – Ta

[23]. We also adopt stochastic gradient decent with mini-batch

(update weights after accumulating ∂Loss/∂W from a batch

size of training data), and apply learning rate decay (gradually

decline learning rate along with iterations) as well for better

convergent speed during the training phase.

Besides, the hardware implementation of non-linear sigmoid

function is costly, and hence we adopt PLAN (Piecewise Lin-

ear Approximation of a Nonlinear function) sigmoid function

proposed in [24]. PLAN sigmoid requires only shifter and

adder, and it is friendly to hardware implementation. Fig. 6(a)

lists the conditional equations used for sigmoid approximation,

and Fig. 6(b) shows the curves of the original and PLAN

sigmoid functions. We can see that PLAN sigmoid is well

correlated with the original one.

Fig. 7 plots the diagram for our training NN hardware

engine containing arithmetic units such as ⊗ for multipliers

and ⊕ for adders. Forward- block computes (1), Back- block

calculates (4) and (5), and then updating block computes (2)

and (3). Here a, b, and c denote the numbers of neurons

in Layer I, H, O, ReLU’ means the derivative function of

ReLU and Reg is register. The subtractor and PLAN function

are annotated as adders since their functionality is similar

while ReLU is drawn by ©. In updating block, we use the

accumulators to add up the gradient δ values for the number of

batch size and then update the associated weights and biases

based on the accumulated gradients.
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Fig. 7. Diagram of NN training hardware.

Fig. 8. Boundaries trained for 2-D classification FOURCLASS.

C. Evaluation for FOURCLASS Dataset

Now we evaluate the NN training engine with FOUR-

CLASS dataset [14], which is a simple 2-D classification prob-

lem and its training results can be graphically illustrated with

the boundary line to separate the two classified groups. Fig. 8

shows the training results of 32-bit and 16-bit floating-point

cases, where the samples in the same group share the same

color. Note that the training and inference are both carried

out with EFM or LAM. Although the boundary lines of EFM

and LAM show some discrepancy, both of them successfully

distinguish the groups of samples. In 32-bit case, both EFM

and LAM achieve 100% classification accuracy. In 16-bit case,

which corresponds to BWS adoption, LAM experiences 0.4%

classification accuracy drop while it is negligibly small. This

result suggests LAM is quite compatible with BWS.

The hardware evaluation results are shown in Fig. 9, where

a normalization to 32-bit EFM engine is applied similarly to

Fig. 9. Benchmarking results of adopting LAM for training FOURCLASS.

Fig. 10. Training results under BWS.

Section IV-A. The training engine adopting LAM gains 10%

speed-up over EFM engine, where this speed-up is smaller

than Fig. 5 since the floating-point adder is now a speed-

limiting module. In contrast to speed, 2.5X (=100%/40%)

power and 2.3X (=100%/44%) area efficiency enhancements

are attained by LAM. These results confirm that the mul-

tiplier is so power and space demanding that reducing its

computational cost improves the power and area efficiency

considerably. On the other hand, when LAM + BWS (16-

bit LAM) is applied, 32% speed-up, 5.5X power, and 5X

area efficiency enhancements are attained, where 5% speed-

up, 2.5X (=100%/18%−100%/33%) power reduction and 2X

(=100%/20%−100%/33%) area saving originate from LAM.

The benefits of training with LAM are quantitatively clarified.

D. Evaluation for Higher Dimensional Datasets

We further evaluate the effectiveness of LAM with other

three higher dimensional datasets. Fig. 10 shows the training

results for the three datasets. To test the compatibility of LAM

to BWS, we varied the number of fraction bits as 10, 16 and

23 while the bit-width for exponent remains 8-bit to keep the

dynamic range. The results show that only in ISOLET and

23-bit fraction case, training with LAM might be trapped into

over-fitting resulting in 1% accuracy degradation. On the other

hand, in other combinations of dataset and fraction bit width,

LAM provides very close or even better classification accuracy

compared to EFM. In overall, our test cases show that there

is no reason to use EFM for training and LAM can provide a

trained NN model whose classification accuracy is comparable

whereas [18] uses EFM at the latter stages of training for the
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TABLE II
STATISTICS FOR USAGE OF MULTIPLIERS, ADDERS, AND REGISTERS IN

HARDWARE.

Usage
Dataset #Multipliers #Adders #Registers

FOURCLASS 122 128 142
MNIST 372,310 372,340 371,050
HARS 68,326 68,344 69,352

ISOLET 195,626 195,704 194,664

TABLE III
PERFORMANCE EVALUATION RESULTS FOR TRAINING LARGER-SIZE OF

NN (PROJECTED FROM FOURCASE RESULT).

Power (Normalized)
32-bit 19-bit

EFM LAM EFM LAM
100% 40% 35% 19%

same datasets. Our results reveal that EFM is not necessary at

least for the datasets used in our experiments.

For estimating the hardware improvement thanks to LAM,

a simple projection is performed based on the FOURCLASS

results. The power consumption of the training engine can be

estimated by the numbers of arithmetic units and registers. The

power values of each arithmetic unit and register are obtained

from the synthesis results. The remaining thing is counting

the number of arithmetic units and registers. We can refer to

Fig. 7 for counting the numbers of multipliers, adders, and

registers. The usages are dominated by weights and biases

once the NN size grows up. Also, according to Fig. 7, the

usage of multipliers, adders, and registers for weights and

biases are nearly even (closed to 1:1:1). Table II lists our

statistics for the four datasets, proving that the usage of three

parts closed to 1:1:1. As the number of registers shrinks in

higher dimensional datasets, the power improvement rate by

LAM for training a larger NN-size structure is roughly equal

or slightly larger than that of FOURCLASS. In principle, we

can conservatively estimate the least improvement rate based

on the FOURCLASS benefit. Table III shows the projected

values. LAM in 32-bit attains 2.5X and in 19-bit case (BWS +

LAM) achieves 5.2X power efficiency, where 2.3X originates

by LAM.

V. CONCLUSIONS

Floating-point computation is often adopted in NN hardware

training engine, and then we evaluated whether approximate

floating-point multiplier could be used in NN training for

achieving higher energy efficiency. We focused on logarithmic

approximate multiplier (LAM) incorporating with bit-width

scaling (BWS) to reduce primary MAC computation com-

plexity. The experimental results show that training NN with

LAM can achieve 10% speed-up and 2.5X power reduction

in addition to 2.3X area saving. Even when training with

LAM + BWS, there is no more than 1% accuracy discrepancy

compared with exact multiplier, where LAM + BWS outper-

forms, rather than degrades, the accuracy frequently. As for

the hardware performance, 5.2X power efficiency is attained,

where 2.3X originates by LAM. Our future work includes

evaluating the applicability of LAM to further extended or

other types of NN and other larger datasets.
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